SHARP LORENTZ SPACE ESTIMATES FOR ROUGH OPERATORS 



Andreas Seeger and Terence Tao 

Abstract. We demonstrate the (H 1 , L 1 ' 2 ) or (L P ,L P ' 2 ) mapping properties of several rough operators. In all 
cases these estimates are sharp in the sense that the Lorentz exponent 2 cannot be replaced by any lower number. 



1. Introduction 

In this paper we consider the endpoint behaviour on Hardy spaces of two classes of operators, namely 
singular integral operators with rough homogeneous kernels [4] and singular integral operators with con- 
volution kernels supported on curves in the plane ([20], [27]). These operators fall outside the Calderon- 
Zygmund theory; however weak type (L 1 , L l '°°) or (H 1 , L 1 ' 00 ) inequalities have been established in the 
previous literature ([7], [9], [16] [18], [25], [29]) We shall show that the target space L 1 ' 00 can be improved 
to the Lorentz space L 1 ' 2 , possibly at the cost of moving to a stronger type of Hardy space (e.g. product 
H 1 ). Examples of Christ [8], [17] show that these types of results are optimal in the sense that one cannot 
replace L 1 ' 2 by L l q for any q < 2. 

The space L 1 ' 2 arises naturally as the interpolation space halfway between L l o ° and L 1 . As a gross 
caricature of how this space arises, suppose that we have a collection of functions fi which are uniformly 
bounded in L , and whose maximal function sup 4 \fi\ is in weak L , and we wish to estimate the quantity 



£7*/* 



L 1 ' 2 



for some I 2 co-efficients ji. If the fi are sufficiently orthogonal, we may hope to control this quantity by 
the square function 



(1-1) ||(£l7i/> 

i 

However from our hypotheses we see that 



,1/2 



< 



£1,9 



EN 



1/'/ 



for q = 1 and q = oo, and thus by interpolation for all 1 < q < oo (cf. Lemma 2.2. below). Thus we expect 
to control (1.1) by the £ 2 norm of {%}■ 

Our arguments will be based on more complicated versions of the above informal strategy. Generally, 
the L 1 estimates will be quite trivial, whereas the L 1,00 estimates will be variants of existing weak-type 
(1,1) estimates for rough operators in the literature (e.g. [7], [25]). We shall demonstrate this technique for 
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two classes of operators. Firstly we show that the Hilbert transform on plane curves (i, t m ) maps product 
H 1 into L 12 or a related Hardy-Lorentz space; we also prove sharp LP — > LP 2 estimates for a related 
analytic family of hypersingular operators. Then we discuss homogeneous singular integrals with rough 
kernels in R d , satisfying an Llog 2 L condition on the sphere, and show that these map the standard Hardy 
space LL 1 to L 1 ' 2 . 

We remark that a simple version of the above technique has been used by one of the authors in [23] to 
prove an endpoint version of the Hormander multiplier theorem. Namely (stating only the one-dimensional 
version) if <f> is a nonzero even smooth bump function then the condition sup t>0 ||0m(t-)|| S 2 ^ ^ implies that 

the convolution operator with Fourier multiplier m maps LL 1 to L 1 ' 2 (and an example by Baernstein and 
Sawyer [1] shows that L 12 cannot be replaced by L 1 ' 9 for q < 2). The second author and Jim Wright [30] 
have recently improved this result by replacing the Besov space B 2 ^ 1 by the larger space R 2 j 2 2 defined 
in [24] improving on the known (H 1 , L 1,00 ) result which is implicit in the latter paper. 

The paper is structured as follows. After formulating our results in the current section we review some 
material about Hardy-Lorentz spaces and interpolation, in §2. In §3 we prove an abstract variant of a 
stopping time argument due to M. Christ which may be helpful elsewhere. §4 contains the main square- 
function estimate needed to prove our theorems on integrals along curves; in §5 we conclude the proof of 
these results. Rough homogeneous kernels are considered in §6 and §7. 

Rough homogeneous convolution kernels. 

Let K be a convolution kernel on the Euclidean space R d and assume that K is homogeneous of degree 
— d and that the restriction £1 to the unit sphere is integrable and has mean zero, J sd -i Q{0)da(6) = 0. 
We may define the operator Tq of convolution with K on test functions at least by the usual method of 
principal values: 

(1-2) T n f(x) = p.v. J _ y)dy . 

We consider the mapping properties of Th, especially near the endpoint L . If fl is somewhat regular 
(for example, if it is Holder continuous or satisfies an appropriate L 1 Dini condition) then the standard 
Calderon-Zygmund theory shows that T is bounded on all LP spaces, 1 < p < oo, is of weak type (1, 1), 
and maps the Hardy space H 1 to L . If no regularity is assumed, but K is LlogL on the sphere, then it 
was shown by Calderon-Zygmund [4] that Th is bounded on LP\ in fact (see [25]) it is of weak type (1, 1). 
The behaviour at H 1 is more subtle, however, as an example of M. Christ shows (see also [17]). For the 
sake of illustration let us consider the case d = 2. Let a be a smooth H 1 atom on the unit ball, which is 
smooth and radial, and let fijv be the lacunary function defined on the unit circle by 



N 



r2jv(coso:,sina) = Gjv(a) = —== y~V 

v N 

where C,N are large integers. Roughly speaking, the function K * a{x) has magnitude ~ iV _1 / 2 |x| _d 
whenever |x| <~ C- 7 for some j = 1, . . . ,N. This shows that the L 1 norm (and indeed the L 1 ' 9 quasi-norm 
for any q < 2) of K * a grows with N, even though £1 is in every L p class, p < oo, uniformly in N. Thus, 
the best result one can reasonably hope for is that T maps H 1 to the Lorentz space L 1 ' 2 , or the Hardy- 
Lorentz space H 1 ' 2 , the quasi-norm norm in the latter is the L 1 ' 2 quasinorm of a suitable square-function 
or maximal operator used in the definition of H 1 (see §2 below). 

The previous counterexample can be modified to include the case O € L°°. Take Gn as above, e > 
and let E e<N = {a : \Gn(o)\ > N e }. Define G S! N(a) — (Gjv(a)(l — XE E , N (a)) and 



i r 

£\.Ar(cosa,sina) = G E , N (a) - — / G e , N {s)ds. 

2tt J-k 



Since Gn is in BMO with norm independent of TV we have by the John-Nirenberg inequality that |-B £ ,jv| = 
0(e~ cAre ), for some c > 0. ^From this one checks that the L 1 norm of Tq n -q n e a over the annulus \x\ <~ C- 7 
is 0(N 1 / 2 e~ cN ' + 2~ 3 ), hence negligible. Since on the other hand ||fijv,e||oo < N e this disproves a uniform 
H 1 -> L 1 ' 9 estimate for g < 2/(1 + 2e). 

Theorem 1.1. Let e L log 2 -L(5 d_1 ) and assume that J sd -i iida(0) = 0. T/ien i/ie operator Th maps 
H 1 to H 1 ' 2 and also to L 1 ' 2 . 

Remark 1.2. In fact we shall see that the Llog 2 L condition can be strengthened to an LlogL condition 
for a Littlewood-Paley square function (see Theorem 6.1 below) 

Analogously we may also consider a maximal variant of T; here no cancellation is imposed. Let 

X € Cg°(R d ) and 

(1-3) Mnf(x) = sup | J ^X(f M ^)f(x y)dy 

Theorem 1.3. Let fl e L \og 2 L(S d ^ 1 ). Then Mq maps H 1 to L 1 - 2 . 

Again, a modification of the above example shows that Mn may fail to map H 1 into L 1 ' 9 for q < 2. 

Integrals along curves in the plane. 

In this subsection we shall always be working in the plane M 2 . Let m > 1 be a real number; all constants 
may implicitly depend on m. 

Define the Hilbert transform Hf and the maximal function Mf along the curve (t, \ t\ m ) by 
(1.4) Hf(x) - p.v. J f( Xl - t, x 2 - \t\ m ) j 

and 



(1.5) 



Mf(x) = sup f f( Xl -t,x 2 - \t\ m )U(l)dt 
h>o J h h 



here T] is a smooth function with compact support. These operators are invariant with respect to the scaling 

(1.6) (xi,x 2 ) ^> (tx u t m x 2 ), t>0. 

We shall work with the product type Hardy space on R 2 , considered by Chang and Fefferman [6] among 

1 12 

others; we denote this space by H^ rod . Moreover we denote by H p ' rod the product-type Hardy-Lorentz space 
(see §2). 

Theorem 1.4. M maps B x prod to L 12 , and H maps H prod to H^ od and to L 1 ' 2 . 

This should be compared with the results of Christ [7] who showed that M and H map the one- 
parameter Hardy space H parabolic (defined with respect to the dilations (1.6)) to L 1 - 00 , see also Grafakos 
[16]. In fact, Christ [7] observes that Hp arabo i lc is not mapped to L l q for q < oo. 

Now let 7 = (71,72) be a complex multi-index with Re(7i), Re(72) > 0, and define the (pseudo)- 
diffcrentiation operator V 1 by 

^ = iri/ = l£i| 71 N 72 /- 

Consider the family of hypersingular operators H 1 defined by 

f°° dt 

(1.7) H 1 f(x 1 ,x 2 )=p.v. V-<f(x 1 -t,x 2 -\t\ m )\t\^ m -. 

J -00 t 



The space LP (1 < p < 2) is not mapped to L pq if q < 2 (see [8]); moreover this shows that H does not 
map Hp rod to L 1,9 or any Hardy-Lorentz space H 1,q for any q < 2. An angular Littlewood-Paley theory 
plays a role in this counterexample. Grafakos [16] proved using the methods in [7] that for m — 2, 71 = 
and Re (72) = 1 — 1/p the space LP is mapped to L p ' p if 1 < p < 2. His method surely extends to the 
general case considered here. 

An improved optimal result is 

Theorem 1.5. Suppose that Re(7i) > ; Re(72) > and Re(ji + 72) = 1 — 1/p. 

• // 1 < p < 2 then H 1 is bounded from LP to L p - 2 . 

• If p = 1 then Hj is bounded from H^ rod to L 12 . 

Ln both cases the bounds grow at most polynomially in 

The following estimate for a localized averaging operator will follow from our proof. Let -q G C^°(M) 
and define 

(1.8) Af( Xl ,x 2 ) = J V(t)f(xi -t,x 2 - \t\ m )dt. 

Corollary 1.6. Suppose m > 2. Then A maps L m - 2 boundedly to the Sobolev space Ly m . 
Remarks 1.7. 

(i) Suppose that t^g(t) is a smooth curve passing through the origin and suppose that its curvature 
vanishes to at most order m — 2 at the origin. Then the statement of Corollary 1.8 remains true if (t, \t\ m ) 
is replaced by a g(t) provided that r\ is supported in a sufficiently small neighborhood of the origin. 

(ii) In the statements of Theorems 1.4 and 1.5 the curve (t, \t\ m ) can be replaced by (t, |i| m sign (t)). 

(iii) A variant of this family H 7 was previously considered by Stein and Wainger [27] in their proof of 
LP boundedness of the Hilbert transform. They worked with a distance function p, smooth and positive in 
R 2 \ {0} which is homogeneous of degree 1 with respect to the dilations (1.6) and considered the analytic 
family 

~ f°° dt 

H a f( Xl ,x 2 ) = p.y. / p a (D)f(x 1 -t,x 2 -t m )\t\ a -. 

The result in [27] is that H a is bounded on LP for a < 1 — 1/p. Our proof of Theorem 1.3 shows that this 
result can be improved to LL a : LP — > L p - 2 if a = 1 — 1/p, 1 < p < 2. 

(iv) The principal value singularity p.v.t~ 1 \t\ 11+1 ' 2m in the definition of LL 7 can be replaced by 
X+ 1+72m 1 = lim e ^ e ~ e *(r(7i + m72)) _1 t 7l+m72_1 . This requires only minor changes in the proof of 
Theorem 1.5. 

2. Preliminaries 

Notation. For two quantities a and b we write a < b or b > a if there exists an absolute positive constant 
C so that a < Cb. We shall consistently refer to the homogeneous quasi-norms on Lorentz and Hardy- 
Lorentz spaces as "norms" , even when the triangle inequality with constant 1 fails. If 7 is a (dyadic) cube, 
then xi will denote its center, and 2 1 ' will denote its side-length. We somewhat abuse notation and use 
2 s I to denote the cube with the same center as I and sidclcngth 2 s+%1 . The Lebesgue measure of a set E 
will sometimes be denoted by \E\ and sometimes by meas(_B). 

2A. Hardy spaces. There are many equivalent characterizations of the isotropic Hardy-spaces ([13]), in 
terms of maximal functions, atomic decompositions and square-functions (see [26] for a rather complete 
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treatment) . We shall use several of them, but most relevant will be the characterization via Littlewood- 
Paley square-functions, which we choose as a definition. 

Let $ G 5(M") with the property that $ is compactly supported and equal to 1 in a neighborhood of 
the origin. Let <p k be defined by 

(2.1) = $(2-*- 1 - $(2" fe 

Consider the space S' restr of tempered distributions which are restricted at oo; it consists of all / € «S' 
with the property that /*</>€ L r for <fi £ S, for sufficiently large r < oo (we use the terminology of Stein [26, 
p. 123]). This choice of the test function space allows one to derive versions of the Calderon reproducing 
formula (e.g. one excludes polynomials which have Fourier transforms supported at the origin). For 
< p, q < oo we define H pq as the space consisting of tempered distributions restricted at oo which satisfy 

(2.2) 11/11*,., :=||(V|4, fe */| 2 ) 1/2 <oo 

II \ ' / LP'i 

fcez 

and write H p = H p ' p . Using arguments in [13], [21] one can show that the definition does not depend on 
the particular choice of $. As shown in [21], [31] some aspects in the classical theory simplify by assuming 
(as we do here) that <& has compact support. In particular for b > 0, r > one has the inequality ([21]) 

(2.3) sup \cf >k *.f(x + y)\<C\ r (M[\cf, k *f\ r }(x)) 1 / r 

\y\<2~H 

and (2.3) allows us to take advantage of the Fefferman-Stein theorem concerning L p (£ r ) estimates for the 
Hardy-Littlewood maximal function M ([12]). This carries over to Lorentz-spaces. Set 

1 /2 

S b f(x)=(T sup \ct> k *f(x + y)\ 2 ) 

Since ||.g||Lp,5 w ||5 a ||^p/ a ,«j /a we obtain that for / e H p q 

(2.4) \\f\\ H ™ « ||S6/||lp.«. 

The space H p ' q is complete quasi-normed space. We note that the definition can be extended to Hilbert- 
space valued functions (in fact when proving estimates we may often reduce to finite-dimensional Hilbert 
spaces with possibly large dimension). 

For the purpose of real interpolation consider the Peetre JT-functional K(t, f, H Po , H Pl ), defined for 
/ G H Pa + H Pl as the infimum of ||/||/fpo + t||/||.H-pi over all decompositions / = /o + /i with /o € H Po 
and /i € H P1 . Then a straightforward modification of arguments by Jawerth and Torchinsky [19] yields 
the formula 

(2.5) K(t, /, IP* ,H p i)^ K(t, S b f, L p ° ,L p i). 

Consequently by (2.4) and (2.5) one identifies H p ' q with the real interpolation space [H Po , H Pl ]e, q if 
< 9 < 1 and (1 — 6)/p + 0/pi — 1/p (see [2]), and the spaces H p ' q can be identified with the spaces in 
[11], [15] defined by means of various maximal functions or square functions (see [32]). 

Let {efe} be an orthonormal basis of £ 2 . ^From standard Hardy space theory [26] we have 

1 /2 

(2.6) y>fc.A » y%/ fe e fc = (viz fe M 2 ) 



Lp<i 



where L k , L k denote convolution with <f>k, <fik', here <j>k is as above and (f>k = 2 kd (fio(2 k -) so that the Fourier 
transform of (j> equals one on the support of <f>. 

Moreover if E is any finite subset of the integers we have 

(2.7) ||y>fc/* <c\Y^L k f k 

II LP' 1 ^ II 

keE k 

where C does not depend on E. Note, however, that convergence in L p ' q may not be compatible with 
convergence in the sense of tempered distributions, ]£ p < 1 or p = 1, q > 1. 

5 



Hp. i 



A Littlewood-Paley decomposition. It is shown in the classical theory that the above assumptions 
on <I> can be substantially weakened. A general result in this context is in [32]. To eliminate a number of 
technical error terms in the proof of Theorem 1.1 we shall work with Littlewood-Paley functions localized 
in space, and in order to have an analogue of the Calderon reproducing formula we will have to use a 
somewhat unusual version of the Littlewood-Paley decomposition: 

Lemma 2.1. Let r, N n be nonnegative integers and let e > 0. Then for s = 0, . . . , r there are radial 
functions *( s ), VYs) * n C§°(R d ) with the following properties. 

(i) \I> S is supported on the ball of radius e centered at the origin, and — 1 = 0(\^\ N °) as £ — > 0. 
Moreover tp s = ^ s — 2~ d ^> s (2^ 1 •) so that the moments of order < N of ip s vanish. 

(ii) Define ip k (x) = 2 kd ip s (2 k x) and let L k be the operator of convolution with ip k . Then for every 
tempered distribution f restricted at oo we have 

(2-8) f = J2L k ---L k r f; 

fcez 

moreover if S® denotes the operator of convolution with $f r then 
(2.9) f = S°f + Y,L k ---L k f. 

k>l 

The convergence in (2.8), (2.9) holds in the sense of tempered distributions. 

Proof. Let f be a radial bump function supported in {x : \x\ < 2~ 6r ~ 6 e} so that & — 1 = 0(\(,\ N+1 ), and 
let Sq be the operator of convolution with 2~ dk ^(2~ k -). Let 

j k nk nk—1 

L,q — Dq Dq 

We recursively define for s = 0, 1, . . . , r — 1 



(2.10) S k +1 = (2Id-(S k f)(S k f 

(2.11) L k +1 = (2Id (S k ) 2 (St 1 ) 2 )^ + St 1 ) 

and note the identity 

(2.12) S k +1 S k ^ = (S k - St 1 )^ 



so that S k +1 — S k + l = Lq ' ' ' L k + i- One can check inductively that each S k is the operator of convolution 
with 2 kd ^ s {2 k -) where the radial bump function * s is supported in {x : \x\ < 2~ 6(r ~ ;s+1) £} and * s (^)- 1 = 
0(|£| JVo+1 ) as £ — > 0, and that the operators L k , S® have all the desired properties. □ 

Remark. We note that (2.6) holds if are replaced by any of the operators L k above, or perhaps by 

a composition of finitely many such operators. This remark holds under the condition that the number iVo 
of vanishing moments is sufficiently large (in dependence of p; specifically we need N > n(l/p — 1)). 

Parabolic dilations. One may define Hardy spaces with respect to a nonisotropic dilation structure [3]. 
In this paper we need to consider such Hardy-spaces on R 2 defined with respect to the scaling (xi,x 2 ) i— > 
(txi,t m X2), for a fixed real number m > 1. 

If we redefine the function <j) k to be^ fe (£i,&) = $(2-( fe+1 )£i, 2-( fe+1 ) m £ 2 ) - $(2 _fc £i, 2~ fcm 6) then the 
operator of convolution with <pk is a Littlewood-Paley projection to the region 

161 + |6| 1/m ~ 2 fe . We 

may then define H^ arabolic as the space of distributions / restricted at oo, for which \\(^2 k \4>k * f^Y^Wp is 
finite. Similarly one can define parabolic Hardy- Lorentz space and the obvious analogues of the statements 
in the previous subsections remain true. 
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Product type Hardy spaces. Let {L/^./^ j^^ez De a product Littlewood-Paley decomposition on M 2 , 
where L kl ^ k2 is a multiplier with symbol supported in the region {(£1,^2) : |£i| ~ 2 fcl , |£ 2 | ~ 2 fe2 }; we may 
assume that L kl ,k 2 is the operator of convolution with (f> kl <g> <ph 2 where <p kl , 4>k 2 are as above (defined on 
the real line). 

If < p, q < 00, we define the product Hardy- Lorentz space H^f od to be the quasi-Banach space which 
consists of all tempered distributions restricted at 00 for which 



H p ' q , 
prod 



1/2 



fei hi 



LP*? 



is finite. We define H p prod to be H™ d . 

The formulas for interpolation of Hardy-Lorentz-spaces remain true; in fact (2.5) was proved in this 
context in [19]. Moreover analogues of (2.6), (2.7) remain true for the operators L kl ,k 2 - These can be 
proved by using the theory of product-type singular integral operators (see e.g. [6], [14]). 

2B. Analytic interpolation in Lorentz spaces. We need a version of a theorem by Sagher [22] con- 
cerning analytic families of operators acting on Lorentz spaces. It has been observed in [23] and [16] 
that Sagher's arguments carry over to somewhat more general situations; we now recall the version which 
appeared in [16]. 

We denote by S the strip S = {z : < Re(z) < 1} and by S its closure. A function g on S is said to 
be of admissible growth if there is a < n so that \g(z)\ < exp(e a ' Im ^') for z e S. Let Xq and X\ be two 
Banach spaces, compatible in the sense of interpolation theory, and assume that there is a subspace W of 
Xq n X\ which is dense in both Xo and X\ . For z € S let T z be an operator which maps functions in W 
to measurable functions on R"; T z is then called an analytic family if for any / <G W and almost every 
the function z — > T z f(x) is analytic in S and continuous and of admissible growth in S. Now if 



(2.13) 



\\T z f\\ LPi ,^ <Ci(z)\\f\\ Xi , i = 0, 1, 



and if Ci{z) is of admissible growth then the result in [16] states that Tg maps the complex interpolation 
space [X Q ,Xi] e boundedly to D»>>*<>; here (l/ Pe ,l/q 9 ) = (1 - 0)(l/po, V<7o) + 0(l/p u 1/qi). We shall need 
the following consequence of this result. 

Lemma 2.2. For k € Z and z e S let T k ^ z be an operator which maps functions in W to measurable 
functions on M™ and assume that T fcjZ is an analytic family, for each k. Suppose that for all f £ W 



(2.14) 
(2.15) 



£|1W| <C(zr 



k£E 



X 



sup \T k . 1+lT f\ <C{\ + iT)\\f\\ Xl 

k£E i 1,0 ° 



(2.16) 



|(Ei t m/I' 



< 



LL9 



l/ll[X ,Xi] 



for any finite subset BcZ, with admissible constants C(ir), (7(1 + it). Let < 9 < 1. Then 

1/9 

' feez 
if l/q e = 1-6. 

Proof. Fix / e [Xo, X{\g and ficZbc finite. There are measurable functions g k such that ^ |(7fc(x)| 9 < 1 
and 

\Y,Tk,ef{x)g k {x)\ > i( ^ |T M /»|«) 1/<? 
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for almost every x e W\ Define g k , z {x) = $$\\9k(x)\ q ' z if g k (x) ^ 0, and g k , z (x) = if g fc (or) = 0. 

Now define an analytic family by T z f(x) — '}2 keE T k:Z f(x)g kz (x). Then the assumptions (2.14-15) 
imply the boundedness of % T from Xq to i 1 and of T 1+iT from Xi to L 1 ' 00 , with admissible constants. 
One deduces the boundedness of Tg from \Xq, X\]g to L 1,9 . The constants are independent of E and the 
choice of {g k }. This implies 

Mi 



fcS-E 

with C being independent of E and /. The fmiteness assumption on E can be removed by applications of 
the monotone convergence theorem. □ 

2C. A vector-valued inequality. We shall use the following observation which can serve as an elemen- 
tary substitute for the failing L p (^ 1 ) inequality for the vector- valued Hardy-Littlewood maximal operator 
([12]). It is just the dual version of a scalar maximal inequality. 

Lemma 2.3. Let $ <G L 1 (M. d ) so that for each 9 € the function r i— » |$(r0)| is decreasing in r > 0. 

Let {t k } ke z be a collection of positive numbers and let P k be the operator of convolution with tf&(t k -). 
Then for 1 < p < oo 



(2.17) 



£ \Pkfk 



<c P \Mi 



El/* 



Proof. We may assume that $ is nonnegative. Then by duality the assertion follows immediately from 
the LP boundedness of the maximal operator w sup fc |PfcU>|; the latter is a consequence of the method 
of rotation and the bounds for the one-dimensional Hardy-Littlewood operator (see [26, p. 72- 73]). □ 

2D. Averaging functions in L 1,q . The triangle inequality fails in L 1 ^ if q > 1, but the following 
Lemma, proved for q = oo by Stein and N. Weiss [28], can often serve as a substitute. For 1 < q < oo the 
statement follows from the cases q = 1 and q = oo by interpolation. 

Lemma 2.4. Suppose that < 1 and l c «l ^ 1- Then 

^ENa + iog+M) 1 -;. 

i i 




3. A stopping time construction 

We shall use an abstract form of the Calderon-Zygmund decomposition, in which no nesting or doubling 
properties are assumed. The argument is related to the stopping time construction in [7]. 

Lemma 3.1. Let C be partial orders on a set A; we also use the notation -< synonymously with ^. Let 
r be a finite subset of A, let v be a non-negative measure on Y, and let A : A — > R + be a positive function. 

Assume that for each 7 € T and N > the set 
(3.1) {A G A : A(X) < N and j C A} 

is finite. 

Then one can find a subset B of A and a map q : T — > A which have the following properties. 

(1) 7 Q 9(7) f or 0^ 7 € r. 

(2) Ifq{i)tB thenq( 1 )= 1 . 
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(3) 

5>(A)<i/(r) 

(4) For all X e A, we /iawe 

K{7er: ? ( 7 )^A, 7 CA})<4(A). 



Proof. Define 

(3.2) A* = T U {A e A : A(X) < v(T) and 7 C A for some 7 G T} 

By the finiteness of T and the finiteness assumption on the sets (3.1) the set A* is finite. Suppose we have 
found q and B with properties (l)-(4) relatively to A* then (l)-(4) are unchanged if A* is enlarged to A. 
Hence it suffices to give a proof under the additional assumption that A is finite. 

We now induct on the cardinality of A. The lemma is vacuously true when A is empty, with B being 
empty and q being the empty function. 

Now suppose inductively that A is non-empty, and that the lemma is true for all sets A of lesser 
cardinality. Choose an element X max € A which is maximal with respect to the partial ordering ^, and let 
A' = A - {\ max }- Define the set T' C T by 

r' = r n A' 

if the estimate 

(3.3) K{ 7 e r : 7 C X max }) < A(X max ) 
holds, and by 

r' - { 7 e r : 7 % x max } 

otherwise. 

Now apply the induction hypothesis with A replaced by A', T replaced by T', and A and v replaced 
by their restrictions to A' and V respectively. This gives us a set £>' C A' and an assignment q' : F' — > A' 
satisfying analogues (l')-(4 ; ) of the desired properties (l)-(4). 

Define the subset B of A by B = B' if (3.3) holds, and B = B' U {X max } if (3.3) fails. Define q : V -> A 
by setting g( 7 ) = o'( 7 ) if 7 e V, and 9(7) = X max if 7 e T\T' . 

We now claim that (l)-(4) holds for these choices of B and q. The claims (1), (2) are easily verified 
from (1'), (2'), and the construction of B and q. If (3.3) holds then B = B' and (3) follows from (3'); 
otherwise, B = B' U {A 

max} and (3) follows from (3'), the construction of V , and the failure of (3.3). 

It remains to verify (4). First suppose that A ^ X max , so that A € A'. Then (4) follows from (4'), 
because the elements 7 of T\T' satisfy q(-f) = X max and thus cannot contribute to the left-hand side of (4) 
by the maximality of X m ax ■ 

Now suppose that A = X max . If (3.3) holds, then (4) is immediate. If (3.3) fails, then by construction 
the left-hand side of (4) is zero. Thus (4) holds in all cases, and the induction step is complete. □ 

We remark that the finiteness assumption (3.1) may be dropped if one is willing to replace the induction 
by transfinite induction (i.e. use Zorn's lemma). One can then prove this lemma for arbitrary A. 
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4. Integrals along plane curves 



In this and the next section we shall always be working in the plane M 2 . We fix a real number m > 1, 
all constants may implicitly depend on m. We define H^ arabolic to be the one-parameter Hardy space with 
respect to the scaling (1.6). 

The proofs of our results concerning plane curves are based on the following key estimate. 

Proposition 4.1. For each integer I let rji be a C°° function with compact support in [1/2,2] or in 
[—2, —1/2], with C 4 norms uniformly bounded in I. 

Let dfn be the measure defined by 



J fdfn = J /(*! -t,x 2 - \t\ m )2 l m (2 l t) dt. 



Then for any vector-valued function F = {fi}iei, 

1/2 



(4.1) 



|(E^ 



T , , ~ WfWn 1 , ,. (py 

£1,2 parabolic^- ' 



We allow the /; themselves to be Hilbert space valued functions, and 
Hilbert space norm. 



is then to be interpreted as the 



In the next section, we shall see how this proposition implies L 1,2 and L p ' 2 mapping properties for the 
Hilbert transform on plane curves and similar objects; this will be done by exploiting the fact that the 
dm have essentially disjoint frequency supports if some moment conditions are assumed on the r\i. The 
estimate (4.1) should be compared with the bound 



sup|/*dw|| 



parabolic 

proven in Christ [7]. Our techniques shall be closely related to those in that paper. 

Proof. We may decompose / atomically as / = C/Pj (&/), where the I are 2 k x 2 mk+ ® rectangles with 
sides parallel to the axes, and k, km + i9 are integers, < $ < 1. The Cj are non-negative numbers such 
that^.c/ ~ II/Hh 1 (£ 2 b the bj satisfy ||6/|| £ 2(£2) < l/^ 1 / 2 , and Pj is the projection operator defined 

parabolic^ ' 

by 

P T [b](x) = (b(x) - ±- J b(x)dx) X i(x). 

Note that the definition of P/ makes sense as acting on scalar valued functions or on vector- valued functions, 
as above. By the translation trick in [7] (attributed to P. Jones) we may assume that the cubes I are dyadic. 
Henceforth we shall refer to the I as (parabolic) cubes. It thus suffices to show the estimate 

( 4 - 2 ) ||(E|E c ^HM*^| 2 ) 1/2 || il2 <(E^)( s 7i / i 1/2 )||(Ei^i 2 ) 1/2 



for arbitrary collections I of cubes, non-negative numbers cj, and arbitrary measurable functions 6/ ; ;. By 
limiting arguments it is sufficient to prove the analogue of (4.2), where the sums in I and the sums in / are 
extended over finite sets (with bounds independent of the cardinalities) . Henceforth we make this finiteness 
assumption. 

Fix the I and cj. By complex interpolation (Lemma 2.2) it suffices to show that 

( 4 - 3 ) IKeIe^M'HTI, 1 ^(E^)( su pi 7 i w )||(ei^i 9 ) 1/9 
ii i 1 i 
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holds for q = 1 and q = oo and all (complex) functions 6j ; ;. 
When q = 1, (4.3) simplifies to 

mz^ii-^^] * d ^\\i ~ (5Z c/ ) su pX] HMii' 

and the claim follows from Young's inequality, the finite mass of dfii , and the fact that Pj is bounded on 
L 1 . Thus it remains to prove the q = oo endpoint, namely 

sup | y^C/Pf [&/,;] * d/ij 
i 7 J * • 

We may assume that 

(4.4) supsup|/|||67,i||oo<l 

/ i 

Writing ajy = Pr [&/,;], we thus see that a/ ; ; is supported on /, has mean zero, and Ha/^ ||oo < |P| _1 , and 
our task is now to show that 

(4.5) meas ({sup | ^ cjajj * d^i | > a}) < a -1 Cj 
for all a > 0. 

Fix a > 0. We shall use a sort of Calderon-Zygmund decomposition and will first look at the "good" 
cubes contributing to a function which is 0(a). Let Q be the family of all J for which 



~ (X! C/ ) SU P SU Pl 7 l ll fo 7j||oo- 



(4.6) 



M( ^ cji jj-) (x) < a for some x £ I; 



here M is the Hardy-Littlewood maximal operator with respect to the scaling (1.6). 

We consider the contribution of the cubes in Q to (4.5). The L°° norm of J2ieg Cl ff\ 1S ^( a )' to see 
this, consider for each for each xo the smallest cube in Q containing xo and apply (4.6) for this cube. We 
now apply Chebyshev's inequality and the standard fact [28] that the maximal function associated to the 
curve (t, \t\ m ) is bounded on L 2 . This yields 



measure : sup | ^ cjajj * > a}^J 
1 leg 

1 1 2 

< a~ 2 sup I ^ c/a/. ( * d^i; I < oT 2 sup c/— * 



(4.7) 



< 



7G0 
X7 



7ee 



£HjTi;s<.-'|I>j3T 1 S«-I> 



7ee 



7ee 



Thus we may restrict our attention to the "bad" cubes. By the Hardy-Littlewood inequality, the L 1 ' 00 
norm of M(J2j Ci\i/\I\) is 0(^7 c i)i an d so by the definition of Q 

meas( U/g g /) < aT 1 ^ c/. 
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Let C > 1 and CI denote the cube expanded by C (with same center as I). By the Hardy-Littlewood 
inequality again we have 



(4.8) meas( U m Cl) < a' 1 ^ C/ . 

To complete the proof of (4.5) we shall prove the stronger square-function estimate 

(4.9) meas({x : | ^ c/a/,; * d^i{x)\ 2 ) 1/2 > a}) < a -1 ^cj. 

i i^g i 

In order to prove (4.9) we use an abstract version of the Calderon-Zygmund decomposition based on 
Lemma 3.1. We first describe the sets A and T which occur in this lemma. If to > 2 we define A as the 
set of all dyadic rectangles Q of dimensions 2 a x 2 cr +( m ~ l ) T + 1 ' for integers a, r and for d G [0, 1), where 
a < r, and (m — l)r + $ is the smallest integer > (to — l)r (i.e. d = if to is an integer). Note that a, 
t and $ are unique for each Q and we shall write a = <r{Q), r — t(Q), = ??(Q). If 1 < to < 2 we define 
A similarly, with the additional requirement that we only admit those t for which the fractional part of 
(to — l)(r — a) is < m — 1; this is to ensure that t(Q) is well defined. In both cases the subset L is the set 
of parabolic cubes / for which a ^ and which do not belong to Q\ by assumption T is finite. Note that 
one has t(I) = <j(I) for parabolic cubes /. 

We wish to partially order the set A by requiring Q ~< Q' if t(Q) < t(Q'); note that then Q and Q' are 
incomparable under ^ if t(Q) = t(Q') and Q ^= Q'. Finally we take set inclusion C as the second partial 
order in Lemma 3.1. 

We define the tendril T(Q) to be the set 

(4.10) T(Q) = {x + (t, \t\ m ) :x£2Q, \t\ < 2 T ^+ 2 }. 

Note that \T(Q)\ - 2 a ^ +mT ^ + 2 2 <^(Q)+(™-i)^(Q) fo r any rectangle Q parallel to the axes, and therefore 

(4.11) \T(Q)\ - 2 a{Q)+rnT{Q) for Q e A. 
The function A(Q) in Lemma 3.1 is then defined by 

A(Q) =a 2^+ mT (Q\ 

and the measure v is defined by 

!/({/}) =C/. 

The finitcness condition in the proof of Lemma 3.1 is easily verified and we find a map I q(I) defined 
on T so that J C q(I) and 

(4.12) Yl c i< a \nQ)\ 

lev 
q(i)-<Q 

ICQ 

for all Q £ A, and 

meas( U /er T(q(I))) < - ^ C/ + mcas( U /er T(/)) ; 

the latter inequality follows from statements (2) (3), (4) of Lemma 3.1. Since for parabolic cubes / the 
tendril T(I) is contained in a fixed dilate of / and since T n Q = one has actually 

(4.13) meas( U /er T(q(I))) < - ^ a, 

a i 
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by (4.8). 

For any 7, I we see that ai t i * dm is supported in T(q(I)) if I < r(q(I)). In view of (4.13) the inequality 
(4.9) follows from 

meas({a; : (^| ^ c/a/,; * d^i\ 2 ) 1/2 > a}j < a^ 1 ^ c i- 

l I:l>r{q(I)) I 

It suffices by Chebyshev's inequality to prove the I? estimate 
(4.14) ||(E| E c/fl/,1**! 2 ) 1 ' 2 ^<«X! 



Jer 

l>r(q(I)) 



a. 

2 



Let 

(4.15) T(m) = {/ G T : T(q(I)) = m}. 

By the triangle inequality it suffices to show 

1/2 2 

c/a/j * dm\ j 

i ier(i- s 



(El E c /^*^| 2 ) 1/2 |[<2 s «]r 



c/ 

2 



for all s > 0. 

Fix s. It then suffices to show that for each I 

(4.16) || Yl aa L i*d m ^<2- s a ^ a 

ier(i-s) " /er(i-s) 

for each Z, since the claim follows by summing in I. By scaling (with respect to the parabolic dilations (1.6) 
and taking into account the definition of t(Q) we see that it suffices to prove (4.16) for I = 0. Expanding 
the left-hand side of (4.16), we reduce to 

^ cici'\(a lfi * G^o,eiJ',o * d/j, )\ < 2~ s a ^ c/. 
ij'er(-s) ier(-s) 

By symmetry we may assume that |7'| < |7|. It then suffices to show that 

(4.17) Y c II \(a Ifi *dfio,ai'fi*d^o)\<^ s a, 

i'er(-s) 

\i'\<\i\ 

for all Je r(-a). 

Fix 7 e r(-s) with center x t . I has dimension 2 t( - i '> x 2 mr ( / )+' 5 ( / ); since 7 C g(7) by Lemma 3.1, (1), 
and a(q(I)) < r(q(I)) by definition of A we see that 

(4.18) r(7) < T (q(I)) = -s. 
Rewrite the left-hand side of (4.12) as 

(4.19) c I ,\(a Ifi *F,a r , )\ 

I':\I'\<\I\,r(q(I'))=-s 
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where F = dfio * d/j (and refers to reflection in the argument). Observe that F is supported on a sector 

{(x 1 ,x 2 ) : \x 2 \ < \X!\} 

and obeys the estimates 

\V a F(x)\ < l^r 1 "!"! 
for all multiindices a with \a\ < 2. ^From the size conditions on aj^, this implies 

\ ai , *F(x)\<2-^ 

and by the moment conditions on a/ ; o 

|V a (a Jl0 * F)(x)\ < 2 T ^\x - Xl \- 2 -W, if \x - xj\ > 2^+\ \a\ < 1. 
This in turn implies from the size and moment conditions on ai'fi and the assumption |7'| < |7| that 

|<aj,o * F, a r , )\ < 2 2T «diam(7 U 7')~ 3 , 

where the diameter is respect to the Euclidean metric. 
Thus it suffices to show that 

(4.20) c /'diam(J U J') -3 < 2~ 2r ^2~ s a. 

i'er(-s) 
\i'\<\i\ 

For a < — s, let 7\L CT , S be the set of dyadic rectangles of dimensions (2 a , 2 <T ^( m ^ 1 )( s ^ 1 )+' 5 ) so that 
< i? < 1. Observe that lZ a . s is a subset of A consisting of rectangles R with t(R) = —s + 1. Also let W CT 
be the set of isotropic dyadic cubes of dimensions (2 a , 2 a ); then each W € W a is a union of <~ 2( m ~ 1 )( s ~ 1 ) 
rectangles in TZ a ,s, with disjoint interiors. 

If I' e T(-s) with |7'| < |7| then V has dimensions (2 a( - I '\ 2 a( - I ">- ( - m - 1 '> s ) and a(I') < cr(7) = r(7), 
and therefore every such 7' is contained in a unique rectangle 77 G 7£ r (j) iS . Since r(g(7')) = — s and 
t(R) = — s + 1 we have from Lemma 3.1, (4), 

]T Cl ,<a\T(R)\<a2^-™ 

J'er(- S ) 
l''l<m 

/'C.R 

and therefore 

c//diam(7U7')~ 3 

/'er(-s) 
|f'l<M 

= E E E C /<diam(7U7'r 3 

wew^rj Reiz TVh3 i'er(-a) 
flew |/'|<|/| 

< a2 r ( / )- ms ^ (2 r ^ + dist(W, 7))- 3 card({77 e ft r( /), s : 77 C W}) 

wew T(I) 

< a2 T ^- s ( 2r(/) + dist(W, 7))- 3 < 2- 2r ^a2- g 

wew T{I) 

which is (4.20). □ 
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5. Integrals along plane curves, cont. 

We now prove Theorems 1.4 and 1.5. Following [5] we work with an angular Littlewood-Paley decom- 
position. 

Let C € Cg°(R+) so that ((s) = 1 if s € ({10 m m)-\ 10 m m) and define Qi by 

(5.i) Odd) = «(07(0 = cC^^-^ldl/I^D/CO- 

The operators Q; form a Littlewood-Paley family of multipliers supported in sectors. Note that qi(£) = 1 
whenever £ is normal to the curves (t, ±|i| m ) if 2' -1 < \t\ < 2 i+1 . 

Let xo be a smooth and even function on R so that Xo(s) = 1 if \s\ < 1/2 and Xo(s) = of |s| > 1. 
Define V l by ^/(£) - Xod^i, 2-^2)1)7(0- 

Observe that the multiplier qi satisfies the estimates d a qi(£,) = 0(|£i| _ai |^2|~ a2 ) uniformly in I. There- 
fore by standard product theory we have the estimate 



(5-2) \\{(Id-Pi)Qif}\\ H i , P) < \\{Qif}\\ Hl m <\\f\\ H > . 

prod K ' prod K ' proa 

where / itself may be a Hilbert-space valued function. 

We now consider the maximal function Mf. We show that 



(5-3) ||sup|d/xj*/||| L i,2 - iijiijj 



< 

; prod 



where d\ii is a measure as in Proposition 4.1. 

Given (5.3) we show the same bound for the nondyadic maximal function by a standard argument. 
After a straightforward application of Lemma 2.4 we may assume that 77 has support in (— 2~ 5 ,2~ 5 ) and 
vanishes in (-2~ 6 , 2~ 6 ). Let r) be supported in U ± (2~ 8 , 2~ 3 ) and equal to 1 on U ± (-2~ 7 , 2~ 2 ). We use 
a Fourier expansion and write for 1/2 < s < 2 



2-irikt 



where c k (s) = 0((1 + \k\)~ N ) uniformly in s e [1/2,2]. We set 

d/ifc.j = J f(t,\t\ m )2 l fj(2 l t)e^ ik2lt dt. 

and Mkf(x) = sup ; |/ * d^k,l\- An application of (5.3) shows that Mk maps H 1 to L 1 ' 2 with norm 
0((1 + |fc|) 4 ) and since Mf(x) < + |fc|) _JV Mfe/(x) we obtain the inequality for the nondyadic 

maximal operator from another application of Lemma 2.4. 

Now we turn to the proof of (5.3). As in [5] the idea is to approximate dfii by Qi(Id — Vi)dfii in order 
to apply Proposition 4.1 and (5.2). 

Using straightforward integration by parts arguments we observe that the functions Vodfio and (Id — 
Vo)(Id— Qi)dfiQ are Schwartz functions. By rescaling this, using (1.6), we sec that the maximal functions 
sup; |/ * Vid\n\ and sup ; |/ * (Id — Vi)(Id — Qi)dm\ are dominated by nonisotropic version of the grand 
maximal function (with respect to (1.6)) which maps H\ ara b u c and hence H^ rod to L 1 . It thus suffices to 
show that 

|| sup |/* (Id- Vi)Qid^\\\ L i,, < \\f\\ Hl 

1 1 i proa 
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Writing /; = (Id — Vi)Qif, we can dominate the left-hand side by the L 1 ' 2 norm of the square-function 
(Hi \ fi * dm\ 2 ) x / 2 . With this choice of fi the inequality 



(5.4) 



(^|^*/ ; | 2 ) 



2\l/2 



< 



L 1 ' 2 



\H 



follows from from Proposition 4.1, the embedding H^ rod (t 2 ) C H^ araboUc (l 2 ) and (5.2). 

Now consider the analytic family iJ 7 (and in particular the Hilbert transform H = Ho). We may 
decompose 



where 



(d, 



■*?,/)= J f(t,\t\ m )2 l X (2 l t)\t\^ ' - ' 



di 



and x(i) = Xo(i) — Xo(t/2)- Note that x is an even function. The functions Voda^ and (Id~Vo)(Id—Qi)daQ 
are Schwartz functions as before, but also have mean zero and so their Fourier transforms decay at as 
well as infinity. 

Summing this, we see that V 1 ^j(Id — Vi)(Id — Qi)dai and V 1 J2i Vidoi are standard product type 
Calderon-Zygmund kernels and so convolution with these kernels will preserve L p , 1 < p < 2 and Hl rod - 
It thus suffices to show that 



(5.5) 



\J2(Id-Vi)QiVidal*f 



H 



< 

1,2 ~ 

prod 



\ H i if Re (71 + 72m) = 

prod 



and 
(5.6) 



^(Id-VOQiWdaltf <\\f\\ 2 if Re( 7l + 72 m) = 1/2 



with constants depending polynomially on 7. 

To see (5.6) we note that a standard stationary phase calculation yields that |d<7o(£)l ~ (1 + ICI) 1 ^ 2 - 
By scale invariance we obtain the uniform L 2 boundedness of the operators with convolution kernels 
(Id — VifD^dal if Re (71 + TO72) = 1/2. The inequality (5.6) follows now from the almost orthogonality of 
the operators Q\. 

In order to prove (5.5) it suffices to show that 



(5.7) 



fci ,/c 2 



1/2 



,fc 2 



by the square function characterization of H p ' rod ; here Lk lt k 2 are as in §2. For each fci, fc2 there are at most 
O(l) indices I for which (Id — Vi)QiLk 1 k 2 does not vanish, so we may majorize the left-hand side of (5.7) 

by 

KEEK^-w^.^/*^! 2 ) 172 

By Proposition 4.1 we may majorize this in turn by 



L 1 ' 2 



\{(Id - Vi)QiL klM f}i MMe z\\ H i U 2 Y 

parabolic^ ' 

16 



But this is bounded by ||/||#i , by standard arguments similar to the proof of (5.2) above. This concludes 

prod 

the proof of Theorem 1.5. To see that the Hilbert transform H maps H^ rod to L 1 ' 2 we use in addition the 
product version of inequality (2.7). 

Finally we prove Corollary 1.6. Define the measures dvf by 



/ fdv? = J f(t,\tr)2 l ( X (2 l t)Mt)\t\ ma j 



and set dvi = dv\^ m . We use duality and prove that convolution with (Id — A) 1 / 2 ™ J2i dvi maps L m to 
/.'"'•-'. 

It is easy to see that for 6 1 + 6 2 < 1, 6 1 > 0, 2 > the functions (Id- A) 9 / 2 J2i{Id-T>i)(Id- Qi)dv t * f 
and (Id— A) 9 / 2 Vidvi*f are dominated by a constant times the nonisotropic Hardy-Littlcwood maximal 
function of /. 

Let Qi = qi(D) is defined similarly as Qi but with q{qi = q%. Observe that in view of the compact 
support of 7] we have dvf = if I > C\ for suitable C\. Moreover, if I < C\, we see, using the definition of 
Qi and the Marcinkiewicz multiplier theorem that for a > 0, that 

\\(Id-A) a / 2 (Id-Vi)Qig\\ Lm , t2 < \\V«Q ig \\ Lm , :2 . 

Thus it remains to show that 

WiV^Qtdv? * f}\\ HP , 2 < \\f\\ HP Re(a) = 1 - 1/p, 

prod ' proa 

for 1 < p < 2. This is done by a reprise of the arguments above. 

6. Rough homogeneous kernels: Preliminary reductions 

Let \o be a radial bump function which is 1 on {x : \x\ < 1/2} and zero on {x : \x\ > 1}, and 
x( x ) = Xo(x) — xo(x/2) is then a function on the unit annulus. We also denote by x(t) the restriction of 
X to the positive real line R + . 

In what follows we shall work with the Littlewood-Paley operators introduced in Lemma 2.1 (with 
r = 3) and decompose the identity as Id = J2k -^0-^1^2-^31 we assume that the numbers TVo, e in Lemma 
2.1 are chosen so that 7V > lOOrf and e < l(T 10<i . 

Let Sj be the dilation operator defined by 

5 j9 (x) - 2-* d g{2-*x), 
and let A be the averaging operator defined by 



Ag(x) = C- 1 J x(t)t-Vf _1 *)f , 



where C — j x(t)^f is a normalization constant. 

Since K is homogeneous of degree — d we have the decomposition 

(6.1) K = Y,6 j A[K x }. 



If the restriction of K to the unit sphere belongs to L\og 2 L(S d 1 ) then K\ € L\og 2 L(R d ) and, since 
stai 
by 

(6.2) (^|^(^ X )| 2 ) 1/Z eilogL. 



standard Calderon-Zygmund operators map LXog 2 L to Llogi the Llog 2 L assumption for Kx is implied 

1/2 



In the present and subsequent section we prove the following stronger version of Theorem 1.1. 
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Theorem 6.1. Let K be homogeneous of degree —d and assume that the restriction to S^ 1 is an 
integrable function satisfying J flda = 0. Suppose that (6.2) holds. Then the operator Tq maps H 1 
boundedly to L 1 ' 2 and also to the Hardy-Lorentz space if 1 ' 2 . 

We also have 

Theorem 6.2. Let K {r9) = x(r)ft(6>) and assume fl e L 1 (S d ~ 1 ) and QT fe \L^(K )\ 2 ) 1/2 G LlogL. Then 
Mq maps H 1 boundedly to L 12 . 

We shall prove Theorem 6.1. To prove Theorem 6.2 we use the argument in §5 to reduce to a version 
which involves only dyadic dilations. The proof of the relevant estimate for this dyadic maximal operator 
is similar to the proof of Theorem 6.1 and therefore omitted. 

Let T be the operator defined by 
(6.3) Tf = Y^SjA[K x ] * / 

3 

We now have to show that T is bounded from H 1 to H 1 ' 2 . The H 1 — » L 12 boundcdness follows then from 
(2.7) and limiting arguments. In our proof of (6.3) we shall assume that the sum in j is actually finite, but 
prove a bound which is independent of this finiteness assumption. Again a limiting argument proves the 
general case. 

We now decompose / in the standard manner as / = c/a/, where ci are nonnegative constants such 
that ci < H/Hifi, and ai is an atom supported on / with mean zero and such that ||a/||oo ^ |f| _1 
([26]). The center of the atom will be denoted by xi and we may assume that each atom has sidelength 
2 1 ' where ij is an integer. 

For technical reasons we wish to suppress low frequencies in our atoms. Let 

~ _ \ jl—ii jl—ii jl—ii jl—ii _ 
a I — 2.^ L l L 2 L 3 a Ii 

1>-C 



We assume 

||(E \L k o(K X )f" ] 2 



< 1 

L log L 



k 



(working with the norm H^Hiiog-'L = inf{A > : / -^j^- log 7 (e + ' 9 ^'' )dx < 1}) and we shall prove that 
(6.4) II E ci E SjA[(K X )] * ~ai ^ < B ^ c/ 



H 1 ' 2 

I 



where B is a constant depending only on d. Now the cancellation of the atoms shows that \\aj — ai\\ H i < 
2- £Co , and so 

(6-5) ||/-E C ^II^ 2 " £C °II/II^- 

i 

Let ||T|| denote the H 1 — ► H 1 ' 2 operator-norm, which because of our finiteness assumptions is a priori 
finite. (6.5) implies 

||T/|| H1 , 2 <2-^|| T |||| / || H1+B ^ C/ . 

Therefore, if Co in the definition of the aj is chosen large enough, this implies that ||T|| < B. 
In what follows we may assume 

(6.6) I><1. 
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We now dispose of the contributions when j < ij + 2Co- We claim this portion is not only in H 1,2 but is 
actually in H 1 . Since H 1 is a Banach space we may restrict ourselves to a single cube /, so that it suffices 
to show that 



5 3 A[K X ] * 5/ 

j<il+2C 



< 1. 



H 1 



This we rewrite as 



53 4""4-"4-"[ E M[tfx]*4 _< '«/] 

(>-C j<ii+2C 



ff 1 



<1. 



By the analogue of (2.6) for the Littlewood-Paley operators L^LfL^ it thus suffices to show 

,2\V2 

J>-Co j<i/+2C 



(El E M[*x]*4 -i ' 



< 1. 



Since the expression inside the norm is supported in a fixed dilate of /, it suffices by the Cauchy-Schwarz 
inequality to bound 

||( E I E S j A[K X ],Li--a I \ 2 ) 1/ \<\I\-^. 

1>-C a j<ii+2C 

By modifying the method of rotations argument in [4] we see that the operator with convolution kernel 
Sj<ij+2C ^j<ii+s[^x] is bounded on L 2 ; hence the above reduces to 



(6.7) 



( E II4-^,||3 V2 <|/|- 1/2 . 



1>-Cg 



But this follows from the L 2 estimates on aj and the almost orthogonality of the L\ 11 . 



We now turn to the contributions j > ij + 2Co and we wish to establish 
||5> Yl Lp'L'r'LF'i E 6iAKx\*L l r> ai \ 

I l>-Co j>n+2C 



< 1. 



JJ1.2 



We set ai t i = L 3 11 aj and let {e^} be the standard orthonormal basis of unit vectors in I . By the 
remark following Lemma 2.1 we reduce to show that 



j>i!+2C 



1>-C 



L 1 - 2 (e 2 ) 



< 1. 



By Lemma 2.1 we may decompose 

oo 

K X = S° 1 (Kx)+J2 L i L o( K x)- 
k=i 

One easily checks that the convolution operator with kernel K = ^ . SjA[SiK X ] is a standard Caldcron- 
Zygmund operator. Indeed using the cancellation of the functions L l ^ %1 aij it is easy to see that for a fixed 
cube I 

||( E | E SAAS^Kx^^L^'a^)' 

1>~C j>i!+2C 

and the resulting H 1 — > L X {1 2 ) inequality follows for this part. 
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2 \ 1/2 



<1, 



Therefore it suffices to prove that 



(6.8) |E C ' E E L[- i '6 j A(EL*K k )*L l 2 - i 'a I , l e l - il 

I j>i I +2C Q l>-C k>0 

where still a Itl = L^'ai, and K k = L$(Kx)- 

We can rewrite the desired estimate for this portion using the identity 

LfSj = S j L{ +m . 

Consequently we have to prove for q = 2 the inequality 

||E E E crSjiL^+U^LiK^^^'ar^l 

I j>2Ca+'u 1>-C k>0 



<1, 



(6-9) <snp\I\^(Y,^My%T,\ Kk \ q ) 1/q 



L log i L 



for arbitrary measurable functions K k on {a; : 1/4 < \x\ < 4} and a/,z on CI. (6.8) follows then by using 
also (6.7). 

We shall deduce the inequality for q = 2 from the inequality (6.9) for q = 1 and the obvious modification 
of (6.9) for q = oo. 

Notice that 



k hdt 



\\L[- il+j A[L k K k ]\\ Ll ^ Ll < J \m\t- d \\4^ I+ ' ^-^(t- 1 -)^ 
(6.10) < 2-\ l - ll+1 - k \\\K k \\ l 

where we have used the cancellation of the Littlewood-Paley kernels. The last estimate immediately implies 
(6.9) for q = 1. The nontrivial part concerns the estimate for q = oo which is proved in the next section. 
^From these two estimates we deduce (6.9) for q — 2 by complex interpolation, using Lemma 2.2. Assuming 



:ei^ a 



^|2\l/2 

k 



< 1, 

L logL 



we consider the analytic family K z — {K^kez denned by 

K z( x ) = Kk ( x )\ Kk ( x )\ 1 ~ 2z \ K ( x )\ 2 e 2~ 1 [\°g{ e + iKi^le 2 )] 1 ^ 

if K k (x) ^ and by K k (x) — otherwise. Then ||-Ki T ||i,i(£i) < 1 and H-ft'i+ir lUiog 2 L(e°°) ^ 1- The rest is 
straightforward. 

7. Rough homogeneous kernels: The weak type estimate 

We are now proving the analogue of (6.9) for q = oo. In addition to (6.6) we may also suppose that 
(7-1) sup sup || a J;i ||oc < 1, || sup|X fc ||| ilog2L < 1 

II k 

and show that for a > 
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(7.2) meas({x:|]T ]T £ aS^L 1 ^ A[J2 L$K k ]) * L^'a^ei-i, \ gao > a}) < a~\ 

I j>2C +ii 1>-C k>0 

Let F = J2i c iff\- Since ||F||i < 1, we may apply the standard dyadic Calderon-Zygmund decompo- 
sition to F at level a, and obtain a collection of disjoint dyadic cubes J = {J} such that \ J\ < a, 
J j F(x) dx < a\J\, and such that F is 0(a) outside of [j j J. 

To every dyadic cube / we assign a nonnegative integer tj as follows. If / is not contained in any of 
the J, then ti = 0. If / is a subset of a cube J G J , then tj is chosen so that the sidelength of J is 2 tl 
times the sidelength of /. One can view tj as a stopping time; roughly speaking, 2 tl I is the largest dilate 
of / on which the mean of F is greater than a, or / if no such dilate exists. 

The contribution of the terms in (7.2) for which j < ii +ti + 2Co is contained inside the exceptional 
set [jj CJ, which has measure 0(a). We can therefore restrict ourselves to the case j > ii + ti + 2Co- We 
change the summation variable to s = j — ii — ti > 2Co- Thus for the expression 

(7.3) £{x) =]T J2 E C 'E 5 il+tl+s (L[ +s+t 'A[LlK k }) * L^'a^e^ 

I s>2C I k>0 

we have to show that the measure of the set {x : \£(x)\t<x > a} is 0(a~ 1 ). This will be estimated by 
further splitting the expression £(x) into four pieces and then by applying of Chcbyshev's inequality and 
L 1 or I? estimates for the individual pieces. 

We now describe this splitting. Let 

(7.4) M(x) =sup\K k (x)\. 

fc>0 



We break up the functions K k into a bounded part and an integrable part (this truncation has first 
been used in [9]). Let £ > be a constant to be chosen later (e = 1CT 2 , say, works). For all k write 
K k = 2 £o( - s+l ^K k s j + R k s j, where \K k s j(x)\ < 1 and the remainder Rf s 7 is the restriction of K k to the 
set {x : M(x) > 2 E " (s +^}. We split 

£ (x) = £ x (x) + £ 2 (x) + £ 3 (x) + £ 4 (x) 

where 
(7.5.1) 

fiW^EE E c ' E 5 il+tl UL[ +s+tl A[L k K k ])*L l 2 - i 'a I>l {x)e l . il 

I s>2C l>~C a k>0 

\k-l-s-ti\>s+l 

(7.5.2) 

&(*) = EE E c ' E ^+t, +a (£i +a+t M[i?i2{: aiJ ])*4-«a 7 , I (x)e I _ ij 

I s>2C Q l>-C Q k>0 

\k-l-s-ti\<s+l 

(7.5.3) 

W = EE E c ^ 0(S+l) E ^ +tj+ ,(4 +s+t M[L^ 7 ])*4^ a7 ,^)e^ 

I l>2C 2C <s<l fc>0 

\k-l-s-ti \<s+l 

(7.5.4) 

£ 4 (*) = EE E c ' 2£o(s+0 E ^ +tJ+s (4 +s+ *M[L^ ; fe s> /])*4" iJ «/ >i w^-^ 

I s>2C a -Ca<Ks k>0 

\k-l-s-ti\<s+l 
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It suffices to show that for i = 1,2,3,4 the measure of the set {x : \£i(x)\goc > a/4} is 0(a 1 ). By 
Chebyshev's inequality and the continuous imbedding I 1 C £ 2 C l°° it suffices to show that 

(7-6) ll^ilU 1 ^ 1 ) + W^Wmi 1 ) + ll^3lUi(£i) < 1 

and 

(7-7) \\£4 LHP) <a. 

The estimation of £ i and £ 2 is straightforward. Since || {L l + s+tl A[L\ K k ])\\ L i^ L i < 2 -|fe-'-«-*d W e 

get 

inu^EE E c ' E 2-^-^1114-^11! 

/ s>2C l>-C \k-l-s-ti\>s+l 

( 7 - 8 ) ^E c ^ E E 2- s - i <i. 

/ s>2C 1>-C 

Next, by the definition of Rf s j 

\\L[ +s+t 'A[L h 1 Rl J }\\ 1 <2-\ k - l - s -^ f M(x)dx 

J x:M(x)>2 e o(<*+0 

and therefore 



ii&iUi ( /i)<E E E c ' E 2-i fe -'-^i/ M(x)dx 

7 s >2C i>-Co |fe-i- s - tj |< s +i 7x:M(x)>2«o(.+0 

(7-9) < °i I l M ( x )l lo S 2 ( e + \M(x)\)dx < 1. 

i 

The following Lemma is crucial for the estimation of £3 . 

Lemma 7.1. Suppose that g is a bounded function supported in {x : 1/4 < < 4} and a is supported in 
a cube I with sidelength 2 1 ' ; moreover \\a\loc < Then for m > 

\\5 tI+m [L l+m Ag]*a\\ l <2- l l 2 \\g\\ O0 

Proof. We may assume ||<7||oo < 1- Let V m — {v} be a maximal 2~ m -separated subset of unit vectors 
in R d ; its cardinality is 0(2 m ^ 1 ^). We may split g — J2 u g m ^ where g m ^ is supported in the sector 
{x : 1 - v\ < 2-" l + 10 } (and in the annulus where 1/4 < \x\ < 4). 

Now 8 il+m [L l+m Ag] * a is supported in a rectangle of dimensions C\2 %1 x ••• x C\2 11 x Ci2 il+m . 
Therefore by the Cauchy-Schwarz inequality 

\\S il+m [L[ +m Ag} *o|| 1 < X! 2^ d + m )/ 2 ||<5 Jl+m [4+ m ^l 5m ,,]*a|| 1 

J/(EV m 

(7.10) < |J|V2 2 mc*/2( £ ||<5 l/+m [4+ m Ag m ,,] * all') 172 - 
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We estimate this sum using Plancherel's theorem. For £ e 
\Ag m J-0\ 



f [gmA^y- 1 [ x{r)e iT{re ^dTd6dr 

Jr=l/4J0 J 

<NU f [ (l + \(0,O\)- N d6dr. 

Jl/4 J\6-v\<2-™+ lc > 

< 2 - m(d -i)/2/ f (i + \(6,o\r 2N de) 



1/2 



Therefore 



E \\5 iI+m [L[ +m Ag m ,»} * a|| 2 

< 2 -m(d-i) /" |v4+^(2^+ m ^)| 2 /* (l + \(d,2 l < +m O\y 2N d0\a(O\ 2 dt 

„ly m J J\e-v\<2-™+™ 

< 2 -m(d-i) /" |^p>(2^+™£)| 2 / |(l + |(0,2" +m £}|)- 2Jv d0|a(£)| 2 d£ 

<2-" l(d - 1} J |^i(2 I ^ 7 )| 2 min{l,2— ir 1 !}!^)! 2 ^ 

(7.11) < 2- m ( d - 1 h- { - m+l ^\\a\\l < 2- md - l \I\- 1 , 

by Plancherel's theorem and the estimate |^i(£)l ^ mm {l£| 2 > l£l~ 2 }- 
The asserted estimate follows from (7.10) and (7.11). □ 

We now estimate the L x (l x ) norm of £ 3 . To apply Lemma 7.1 we note that L^""/,! is supported in a 
fixed dilate of / and Hi^'^zlloo < Moreover WL^K^ < 1, uniformly in k, I, s, I. Hence 

(7.12) INIlh^E ' E E 2£0(S+ ° E 2-</2||L^ / || co <1. 

/ ;>2C 2C a >s<l k>0 

\k-l-S-t!\<S + l 



Finally we turn to the estimation of ||£4|| L 2 (e 2 )- We first observe the basic estimate 
Lemma 7.2. 

X2 t n 

i 



E X2 t n 



< a 1 ' 2 . 



Proof. Consider first those cubes / for which ti = 0. It is easy to see that this contribution is bounded 
pointwise by min(F, Ca) for some constant C, and so the claim follows since ||-F||i < 1. 

Now consider the cubes / for which tj > 0. This part is majorized pointwise by 



E*CJ 



2 II ' 112 
J 



d:i^i) ,,2 £«" 2 . 

.7 



where for the first inequality we have used Lemma 2.3. □ 
The claimed estimate for £4 will follow from 
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Lemma 7.3. Let gj be bounded and supported on {x : 1/4 < \x\ < 4} and set bjj = L l 2 11 ajj. Assume 
I > —Co, s > 0. Then for suitable e > 



J2^ I+ t I +s(L l + s+tl Ag I )*b I , 



<sup|| 3/ || oc 2- s V/ 2 . 

2 / 



Proof. This inequality is closely related to one in [25] and we shall adapt the proof here. Let V s — {v} 
be a maximal 2 _s -separated subset of the unit sphere S^ 1 ; the cardinality of this set is 0(2( d_1 ) s ). We 
decompose gi — Y^ v 9i,v, where each gj^ is a bounded function on the sector 



(7.13) 



&t = {x : 1/4 < \x\ < 4, Z(x, v) < 2~ s }; 



here we used Z(x, v) to denote the angle x and v make at the origin. 

We introduce a localization in Fourier space to a conic neigborhood of the hyperplane perpendicular 
to v, namely 

£: = {M(^}|<2- S / 2 |£|} 

(The exact choice of aperture 2~ s l 2 is unimportant as long as it is well between 2~ s and 1). We define the 
multiplier Q s v whose symbol m v is homogeneous of degree 0, and equals 1 on and vanishes outside a 
slight widening of 

We then reduce to showing that 



(7.14) |E C ' E Q'Ji I+ t I+ .(L l i' +tl A9i, v ) * b r ,i o <sup|| ff/ || 0O 2--a 1 / 2 

and, for fixed v . 



(7.15) 



\Y,Ci{Id-Qt)5 il+tl+s {L l + s+t 'A gi , v ) * b u < snpWgjJ^-^a 1 / 2 



where N < N /10 (recall that N > WOd). The estimate (7.15) is favorable if N >d - 1. 
To prove (7.15) we show the estimate 



(7.16) 



{Id-Ql)5 il+tl+s {L l + s+t 'A gi , v ){x)\ < || 5 i,,|U2- 



-sN 



2-{ii+ti)d 



(l + 2-( i '+ t ')\x\) N 



for all v e V s - ^From (7.16) we may estimate 



I (Id - Ql)5 tI+tl+s {L l+t ' +s Ag hv ) * bjA < 2- Ns Hj * 



X2 t n 
|2*'J| 



where Hi is the L 1 dilate of a radially decreasing L 1 function. By Lemma 2.3 and Lemma 7.2 the left 
hand side of (7.15) is dominated by 



'■'\\y ci ^LL <2~ sN a 1 '\ 
|2**J| 2 ~ 



We now show (7.16). Fix v. Rescaling so that ij + ti + s = 0, it suffices to show that 



\L{(Id-Qt)Ah(x)\ < 2-^+ d >\\h\\ L ^ 6l) (l + \x\Y 



N 
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for all j > I + ti + s > s and all bounded h supported on & v . 
Fix j,x. We expand the left-hand side as 



(27T)" 



h(z) 



dt 



(1 - m v (0)e i{i ' x - 2 ~ 3y - tz) My)m dtdyj dz 



where the moments of ipi vanish up to order No and x is supported where 1/4 < t < 4. The decay in x 
follows from the fact that the phase is non-stationary in the £ variable when |a;| 3> 1. 

Now we demonstrate the 2~ Ns bound; we may assume that |x| <C 2 s / 5 . Since h is supported in & s v 
and m„ equals 1 on T, v we see that for each |£| > 2 J , the phase is non-stationary in the t variable (with a 
gradient of at least 2 £S ). For |£| < 2-' one picks up a loss of (2-?/|£|) c ', but this can be compensated for by 
the moment conditions on ipi, since j > s. 

To show (7.14) we use the fact that the Q% have some weak orthogonality. More precisely, we have for 
any functions /„ that 



(7.17) 



as in [25] this estimate is easily proven from Planchcrcl's theorem, the Cauchy-Schwarz inequality, and 
geometrical considerations. Because of this orthogonality, and Lemma 7.2, it now suffices to show that 



(7.18) 



]T Cl 5 il+tl+s A gi , v * ai < 2-^4 ]T 



X2 t U 



2^/1 



uniformly in v E V s - 

Fix v. Let Rf, be the rectangle centered at the origin, with dimensions Ci2 _s x • • • x C\l~ s x C\ so that 
the long side is parallel to v. Then, if C\ is chosen large enough there is the uniform pointwise estimate 

\5 i+tl+s [Ag ItV ] *a T \ < 2-^\\ gi ^\\ 00 6 lI+tl+s (^) * p^. 

Thus (7.18) follows from Lemma 2.3. This completes the proof of (7.14) and the Lemma. □ 

The estimate (7.7) is an immediate consequence of Lemma 7.3. The estimate (7.6) holds by (7.8), (7.9) 
and (7.12) and thus we have proved the asserted weak type inequality. 
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